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1 Introduction

In [1, 2], for Kummer’s and hypergeometric differential equations, complementary solutions expressed
by the confluent hypergeometric series and the hypergeometric series, respectively, are obtained,
by using the AC-Laplace transform, that is the Laplace transform supplemented by its analytic
continuation, distribution theory and the fractional calculus.

In [3], the formulas are presented which give the particular solutions of those equations with
inhomogeneous term in terms of the Green’s function. The differential equation satisfied by the
Green’s function is expressed with the aid of Dirac’s delta function, which is defined in distribution
theory, and hence the presentation in distribution theory is adopted in [3]. In the present paper, a
presentation using the AC-Laplace transform is provided. In Section 1.1, definition and preliminary
formulas of the AC-Laplace transform are presented.

Let
pr(t,s):==t-s>+ (c— bt)s — ab, (1)

where a € C, b € C and ¢ € C. Then Kummer’s differential equation with an inhomogeneous term
is given by

prc(t, %)u(t) —t %u(t) +(e—bt)- %u(t) “ab-ult) = f(t), t>0. )

If ¢ ¢ Z, the basic complementary solutions of (2) are given by

K1(t):: 1F1(a; C;bt), (3)
Ko(t):=t""°. 1 Fi(a —c+1;2 — ¢; bt). (4)
Here 1Fi(a;¢;2) = Y poy %zk is the confluent hypergeometric series, (a), = [[/-, (a + 1) for

k € Z~o, and (a)o =1.

Notations R, C and Z are used to represent the sets of all real numbers, of all complex numbers
and of all integers, respectively. Notations R, := {z € Rljz > r}, R, := {z € Rlz > r}
forr € R, 1C := {z € C[Rez > 0}, Z>oa := {n € ZIn > a}, Z<y, := {n € Z|n < b} and
Ziay) = {n € Zla < n < b} for a € Z and b € Z satisfying a < b are also used. Heaviside’s step
function H(t) is defined by

1, t>0,
H(t):{o t<0 5)

and when f(t) is defined on Rs.,, f(t)H(t —7) is equal to f(t) for t > 7 and to 0 for t < 7. L}, (R)
is used to denote the class of functions which are locally integrable on R.

When ¢ € C satisfies Re (1 — ¢) > —1, the solution K»>(¢) has the Laplace transform:
Ks(s) = LK (t)] :== / Ky (t)e *dt, (6)
0

and is obtained by solving the Laplace transform of equation (2). In [1, 2], it is confirmed that the
solution K>(t) is obtained by using the AC-Laplace transform for all nonzero values of ¢ € C\Zxo.

The complementary solution of the hypergeometric differential equation, corresponding to Ks(¥),
is found to be obtained in the form of a series of powers of s~! multipied by a power of s, which
has zero range of convergence. In fact, the series is the asymptotic expansion of Kummer’s function
U(a,b, z); see Section 13.5 in [4], and is discussed also in [5]. Even in that case, by the term-by-term
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inverse transform, we obtain the desired result. The calculation was justified by distribution theory
[2].

In [3], particular solutions of Kummer’s and the hypergeometric differential equation are presented
in terms of the Green’s function with the aid of distribution theory. In the present paper, they are
presented by using the AC-Laplace transform.

In Section 2, we give formulas of fractional calculus and the AC-Laplace transform and the norm
associated to the AC-Laplace transform. We use them in giving the particular solution of differential
equation with polynomial coefficients in terms of the Green’s function in Section 3, and the solutions
are obtained by this method for Kummer’s and the hypergeometric differential equation in Sections 4
and 5, respectively, and for a fractional differential equation with coefficients of polynomial of at
most first degree, in Section 6.

In [6, 7], stimulated by Yosida’s works [8, 9] on Laplace’s differential equations, of which typical
one is Kummer’s equation, the solution of Kummer’s equation and a simple fractional differential
equation was studied on the basis of fractional calculus and distribution theory. In [1], it was
discussed in terms of the AC-Laplace transform. In [2], the arguments in [1] were applied to
the solution of the homogeneous hypergeometric equation. In [3], the solution of inhomogeneous
equations was discussed in terms of the Green’s function and distribution theory. We now study it
in terms of the Green’s function and the AC-Laplace transform.

In [10, 11], the solution of inhomogeneous differential equation with constant coefficients is discussed
in terms of the Green’s function and distribution theory. In [3], it was discussed in terms of the
Green’s function and the AC-Laplace transform, where we obtain the solution which is not obtained
with the aid of the usual Laplace transform.

In many sections, the same problems are taken up in [3] and the present paper, by using distribution
theory and the AC-Laplace transform, respectively. In the corresponding situations, the same
descriptions are adopted, e,g, in the paragraph including Equations (1)~(4), the first two paragraphs
in Section 5 in the present paper, and so on.

1.1  Preliminary formulas of the AC-Laplace transform
Definition 1.1. Let f(a,t) be such a function of t € Rs¢ and a € Dy C C, that

1. f(a,t) is analytic as a function of @ in the domain Dy for fixed ¢ € Rso,
2. the Laplace transform f(a,s) defined by

flas) = £lf(a,) = [ flae e ™
0
exists if a € D1 C Dy and is analytic as a function of a in the domain D1,
3. f(a,s) defined by (7) is analytic as a function of a in the domain D.

Then we call the analytic continuation as a function of a of f(a7 s) to the domain Do, the AC-Laplace
transform of f(a,t) and denote it by f(a,s) = L[f(a,t)] for a € Dy.

In solving a differential equation, the solution u(t) for ¢ > 0 is often assumed to be expressed as a
linear combination of

1 tV71

gV(t) = 1-\(]/) )

veC\Zc, (8)

where T'(v) is the gamma function. The Laplace transform of g, (t) is given by L[g.(t)] = s7" if
v € +C. We introduce the AC-Laplace transform of g,(¢), which is expressed by L[g.(t)], as in
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[1, 2], such that

gu(s) = Llgs(O] =", veC\La.

The derivative of g, (t) of order | € Z~¢ is calculated by

ilg (t) — gv—l(t)y v—le C\Z<1,
dtl v 07 V—l€Z<1.

The AC-Laplace transform of % gv(t) is given by

l
s d l—v

£l5z0,0) =87 = (5™,

where

k
l—v o S, k/':l—l/EZ>,17
(7)o { 0, 1-vgZs 1

We note here the formulas:

ba=t- by )
=00y T T+ P
d —v —v— ~
.S =S Y= vL[g, ()]
By using these, we confirm that
L g () = () L
g N ds™

(11)

(12)

(15)

Condition 1.1. wu(t) is expressed by a linear combination of g, (t) for v € S, where S is an

enumerable set of v € C\Z«; satisfying Re v > —M for some M € Z»_;.

Remark 1.1. The complementary solutions of a differential equation with polynomial coefficients

usually satisfy this condition.

When u(t) satisfies Condition 1.1, it is expressed as follows:

u(t) = Z U190 (t) = Zuuflr(l’/) o

vesS vesS

where u, 1 € C are constants. When 4(s) = L[u(t)] exists, it is expressed by

a(s) = Zuu_lgy(s) = Zuu_ls_”.

veS ves

By applying formulas (15) and (11), we obtain
Lemma 1.1. Let m € Zxo, | € Z~o, u(t) be expressed by (16) and i(s) := Lu(t)]. Then

~ mdmA

L un)] = ()" 2 ags),
L[ u0] =sis) — (s'a(s))o,
— m d™ m d™

L Spu®)] = (=1)" o [s'als)] = (=)™ - (s"als))o,
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where
-1
(slﬁ(s»o = Zul,kflsk. (21)
k=0

In particular,
(st(s))o = uo, (s*(s))o = uos+u1, (s>0(s))o = uos® + u1s + ua. (22)

Remark 1.2. Even when the series on the righthand side of (17) does not converge for any s, the
series on the righthand side of (16) may converge in an interval of ¢ on R. In such a case, we use
4(s) = Ls|u(t)] to represent the series on the righthand side of (17). Then the operations on (s)
are supposed to be done term-by-term [2].

2 Fractional Derivative and the AC-Laplace Transform

We consider the Riemann-Liouville fractional integral and derivatives . D% f(z) of order 1 € C, when
we may usually discuss the derivative dd;,, (z) = f™(2) of order n € Z=o: see [12] and Section 2.3.2
in [13]. In the following definition, P(c, z) is the path from ¢ € C to z € C, and £L'(P(c, 2)) is the
class of functions which are integrable on P(c,z), and |z] for x € R denotes the greatest integer

not exceeding x.

Definition 2.1. Let ¢ € C, z € C, f(¢) € L(P(c, 2)), and f(¢) be continuous in a neighborhood
of ( = z. Then the Riemann-Liouville fractional integral of order A € C is defined by

Y 1 S a1
DR 5= g [ =0 O (23)
and the Riemann-Liouville fractional derivative of order u € C satisfying Re p > 0 is defined by
D f(2) = Dr[-Dy" f(2)], (24)

when the righthand side exists, where | = |Re |41, and . D% f(2) = dd—zllf(z) = fO(z)forl € Zs_1.

In the following study, the value ¢ = 0 is chosen.

In place of (10), (11), (19) and (20), the following lemmas hold valid [1, 2].

Lemma 2.1. Let v € C\Z<1 and p € C. Then fort € Rso, we have

u _ Gv—p(t), v—p € C\Zc«,
Do) ={ & HET (25)

Lemma 2.2. Let g, (t) and §.(s) be given by (8) and (9). Then for p € C, we have

LloDrgu ()] = """ — (s"Gu(5))o, (26)
where

k=p—veZls_u,
pw—v & ZLs_.
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Lemma 2.3. Let m € Zso, p € C, u(t) be expressed by (16), and 4(s) := L[u(t)]. Then

(s) = LloDu(t)] + ("4()o, (25)
()™ ()] = £l o Dlu(t)] + (~1)™ S (s"i(s))o, (29)
where
(s"a(s)o= D uu-r-1s". (30)
k=0, u—keS

Definition 2.2. Let 7 € R and ¢(t)H(t — 7) € L,.(R). Then £.[1)(t)] is defined by
0= “dp = [ ) s, 31
O):= [ o+ dn = [ ue (31)

Lemma 2.4. Let 7 € R, | € Zoo, m € Zso, eip(t) - H(t — 7) € Lho(R), and Py (s) == L. [(1))].
Then

Lo w(0)] = (r = 5™ (9), (32)
e )= L[ S0 + (8- (5)o, (33)
(= Ly s () = £ L) + (7 = Ly (s, (34)
where
(s'4dr(s ZW s (35)

When l =1, 2 and 3, we have
(s9(5))0 = (1), (Ur(5))o = ¥(T)s +¢'(7), (s°Pr(s))o = Y(T)s* + ¢/ (T)s + 4" (7). (36)

Proof. Equation (32) is confirmed by

m 00 m —s(t—1 d m 7
Lo = [ e = (= 17 (s (37
By integration by parts, we obtain
[ ot 5 d _ - d!
Loidvie) = [ Ayt = V() 5 L[S, (39)

which is used to prove (33). Equation (34) is obtained, by replacing ¢(t) and 1, (s) by %1/}(15) and
L:,[:Tllw(t)], respectively, in (32), with the aid of (33). |

Lemma 2.5. Let the condition in Lemma 2.4 be satisfied, and - (t) = Y (¢)H(t—7). Then in place
of L-[t-(t)] = ¢(s) and (32), we have

£ (0] = Lol (D)™™ = b (s)e ™™, (39)
L™ ()= ()™ e (1)) = ()™ (s)e ), (40)
LI (] = Lol (0] - €7 = (7 = )" (s) 77 (41)
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We also have

d

m d™

_1 1 AT —Ts) _ Y ymg i AT .e TS, 42
D™ e (s)e ] = (7 — )8 (5)] e (42)
Proof. Equation (41) is obtained with the aid of (39) and (32). Equation (42) is obtained by using
d [ —Ts d L7 —Ts
- T = - 5 T . ) 4
D st ge()e ™) = (= Dyfstin(o)] e (43)
repeatedly. |

3 Green’s Function for Inhomogeneous Differential
Equations with Polynomial Coefficients

Let

n

pn(t, s) == ai(t)s' = Z Z armt™s', (44)

=0 =0 m=0

where n € Zso, a;,;m € C are contants, and a;(t) = Y- _, a,mt™ are polynomials of ¢ satisfying
ao(t) # 0 and an(t) # 0. Discussions are made of the differential equation with an inhomogeneous
term which is given by

n 1 n

2 1
Pt %)u(t) = al(t)%u(t) => > az,mtm%u(t) = f(t), t>0. (45)

=0 =0 m=0

Remark 3.1. In Section 4, we consider Kummer’s differential equation given by (2), that is
Equation (45) in which

n=2, a2(t)=t, ai(t)=c—0bt, ao(t)= —ab. (46)
In Section 5, we consider the hypergeometric differential equation, that is Equation (45) in which
n=2, ax(t)=t(1-1¢t), a1(t)=c—(a+b+1)t, ao(t)= —ab. (47)

These are special ones of

n =2, az(t) =t+ a2’2t2, al(t) =c+ a1t ao(t) = ao,0- (48)

For the inhomogeneous term f(¢), we consider the following three cases.
Condition 3.1. (i) f(t)H(t) € L..(R),
(i) f(t) =0DRfs(t), where f5(t)H(t) € Li,(R), and f(s) = 5" fa(s),
(i) £(8) = 9-5(t) = syt ", f(s) = §s(s) = 5° and B € C\Zs_1.

Lemma 3.1. Let u(t) be expressed by (16) and be a solution of (45), Then the differential equation
satisfied by 4(s) := Llu(t)] is

= () + D a5y (stals)o (19)
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where f(s) = L[f(t)], and (s'0(s))o are given by (21) and (22). When (48) applies, the second term
in the righthand side of Equation (49) is expressed by

Zal(—%xslra(s))o:(c— 1uo. (50)
=1

Proof. Equation (49) is obtained by using (20). Equation (50) is confirmed by using (48) and (22)
in the lefthand side of (50). ]

Lemma 3.2. Let 7 € R, Equation (45) be satisfied by u(t) = ¥ (t) fort > T, %1&(1&) -H(t—171) €
Li,e(R), and ¢-(s) := L. [1(t)]. Then

pn(T— Zaz szpf( ) = Lelpalt, — +Zaz —)(s'dr(9))o,

(51)

where (s'1).(s))o is given by (35) and (36). When (48) applies, the second term in the righthand
side of Equation (51) is expressed by

Zal (s 1/)7( No=(T+ a2727'2)w'(7') + (s =1 —=2a227 + c+ a1,17)Y(7). (52)

Proof. Equation (51) is obtained with the aid of (34). Equation (52) is confirmed, by using (48)
and (36) in the lefthand side of (52). ]

Let Condition 3.1(i) be satisfied. Then f(s) = L[f(t)].

Definition 3.1. For Equation (45), the Green’s function G(t,7) for fixed 7 € R>q is such that
G(s, 1) == L;[G(t, )] satisfies

(7 — %, $)C(s,7) =S au(r - %)[SZG(S,T)] — 1. (53)

Lemma 3.3. The Green’s function G(t,T) for Equation (45) satisfies

d u d
pn(t%)G(t,T)— az(t)@G(tJ)—O, t>r, (54)

S — L)' G s, e = 1, (55)

where <Slé(5,7‘)>o is given by (35) and (36) with 1137(5) and (1) replaced by G’(S,T) and G(t,7),
respectively.

Proof. This is confirmed by comparing (53) with (51), where ¢(¢) and ¥, (s) are replaced by
G(t,7) and G(s,T), respectively. |

Lemma 3.4. Let (48) apply, u(t) satisfy p2(t, £)u(t) = 0 for t > 0, and u(0) = uo. Then the
Green’s function G(t,0) for Equation (45) is given by

1

u(t)H(t). (56)
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Proof. In this case, (50) shows that the righthand side of Equation (49) is equal to (¢ — 1)uo. By
comparing this with (55) for 7 = 0, we conclude the proof. ]

Lemma 3.5. Let (48) apply, 7 > 0, 1(t) satisfy p2(t, £)¢(t) = 0 for t > 7, and 1(t) = 0. Then
the Green’s function G(t,T) for Equation (45) is given by

1
Gt,7) = ——yv@)H(t — 7). 57
(1) = U~ 7) 67)
Proof. In this case, (52) shows that the righthand side of Equation (51) is equal to (7 +
a2,27°) (1) = a2(7)y' (7). By comparing this with (55), we conclude the proof. ]

Lemma 3.6. Let G(s,7) = L.[G(t,7)] as in Definition 3.1. Then
LIG(t, )] = G(s,T)e™. (58)

Proof. This is due to formula (39). ]

Lemma 3.7. The following equation is equivalent to (53) in Definition 3.1:

d 2 —Ts] __ 7& LA —Ts] __ _—TS
Pl gy 7T =S s e T = (59)
Proof. This is confirmed by using formula (42). [ ]

Lemma 3.8. Let G(t,7) be defined by Definition 3.1 for Equation (45), Condition 3.1(1) be satisfied,
and uys(t) be given by

uy(t) ::/ G(t,7)f(T)dr. (60)
0
Then
i5(5) = Llus (0] = | Gls,m) (e T (61
0
is a particular solution of (49) for the term f(s), and

Llpalt, 55 )us (] = £(5) (62)

Proof. Equation (61) is due to Lemma 3.6. We confirm the rest of the statements by using formula
(59) in (49) for a(s) = as(s). |

This lemma implies.

Corollary 3.1. uy(t) and 4y(s) given by (60) and (61) are particular solutions of (45) and (49)
for the terms f(t) and f(s), respectively.

Lemma 3.9. Let (48) apply, 4(s) be a solution of (49) with (50), p2(t,s) be related with pa(t,s)
given by (44) for n =2, by

pa2(t, s) = s_*ﬂpz(t7 s)s’/j = s_ﬁ[(t + a2,2t2) S8+ (c+aiit) - s+ G,()’()}Sﬁ, (63)
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and fz(s) = s~P f(s), where t = —4 . Then
pa2(t,s) = (t+ a2,2t2) s 4 (c— B+ (a1,1 —2Baz2)t) - s+ az228(8+1) —a1,18 + ao,o, (64)

and w(s) = s~Pu(s) satisfies

_ d . ; _
P2(= 7, 8)w(s) = fa(s) + uo(c — 1)s %, (65)
Proof. (64) is obtained from (63) with the aid of the following lemma. |

Lemma 3.10. Let 0(s) = L[v(t)]. Then

9157 si()] =5 B0s) + L [si(s)]}, (66)
G - o(s)] = 5 B20(s) + B[ (s)] + B L [P0(3)] + g [50()])
= S {B(B + 1)(s) + 28 [s0(s)] + g [0(s)]). (67)

Corollary 3.1 shows that the particular solution of (65) for the term fg(s) = L[fs(t)] is expressed
by a particular solution of

palt, SO =Fa(0), >0, (68)

4 Particular Solution of Kummer’s Differential Equation
in Terms of the Green’s Function

Kummer’s differential equation with an inhomogeneous term f(¢) is given in (2). If f(¢) = 0 and
¢ ¢ Z, the basic solutions K (t) and K»(t) of (2) are given by (3) and (4).

We now obtain a particular solution of this equation by the method stated in Section 3.

4.1 Solution of Equation (2) in which Condition 3.1(i) is satisfied

The following lemma is a special one of Lemma 3.1 for the case where (46) applies.

Lemma 4.1. Let u(t) be expressed by (16) and be a solution of Equation (2). Then the differential
equation satisfied by u(s) = L[u(t)] is given by

pic(— e $)(s) = Larlpre (b, Syu(t)] + uo(e — 1) = f(5) + uo(e — 1), (69)

The following lemma is a special one of Lemma 3.2 for the case where (46) applies.

Lemma 4.2. Let 7 >0, px(t, £)¢(t) - H(t — 7) € L],.(R) and U (8) = Lo [b(t)]. Then

d ()] + 79 (1) + (1) (e = br — 1) + 9(7)Ts. (70)

prc(r = 2 8)e(5) = Llpne(t, 5

The following lemma is a special one of Lemmas 3.4 and 3.5 for the case where (46) applies.

10
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Lemma 4.3. Let K1(t) and K2(t) be given by (3) and (4), and Yk (t,7) for fized 7 > 0 be given by
Vi (t,7) = c1(7) - K1(t) + e2(7) - Ka(t), (71)
where c1(7) and c2(7) are constants which depend on T and are so chosen that i (7,7) = 0. Then

Gk (t,0) and Gk (t,T) for T > 0, which are given by

1 1
P Ki()H(t), Gk(t,7):= W¢K(t77)ﬂ(t —7), (72)

are the Green’s functions for Equation (2), so that Gk (s,0) = L|Gk(t,0)] and G (s,7) = L, [Gk (t,T)]
satisfy

C;K(t7 0) =

pi (T — %,s)éx(s,r) =1, (73)

for =0 and T > 0, respectively.
Proof. If we put u(t) = - - Ki(t) in (69), then we have 4(s) = Gk(s,0) on the lefthand side

c—1

of (69), and the righthand side of (69) is u(0)(c — 1) = 1, since px (t, %) K1 (t) = 0 and K;1(0) = 1.
Thus (69) guarantees (73) for 7 = 0. If we put ¢ (t) = w%wz/m (t,7) and ¥(7) = 0 in (70), then
e

we have 9, (s) = G (s,7) on the lefthand side of (70), and the righthand side of (70) is 7-¢'(7) = 1.
Thus (70) guarantees (73) for 7 > 0. |

Theorem 4.1. Let Gk (¢, 7) and ¥ i (¢, 7) be those given in Lemma 4.3, Condition 3.1(i) be satisfied,
and uy(t) be given by

- [ T)f(T)dr = t Tif(T) T
ut) = [ G = [ om0 an (74)
Then
7 - [Te s, 7)f(T)e *Tdr = OOAKSTif(T) e Tdr
as(e) = [ Gt npne = [T hwten e ar (75)

Now wu(t) and @ (t) are particular solutions of (2) and (69) for the terms f(t) and f(s), respectively.
Proof. This is guaranteed by Corollary 3.1. |

Remark 4.1. By using the first equation in (73), we see that the particular solution of (69) for
the last term, is

i1 (s) = uo(c — 1)Gk (s,0). (76)
The corresponding complementary solution of (2) is
ul(t) IUQ(C—l)GK(t7O) = Uo 'K1(t). (77)

Considering that the basic complementary solutions of (2) are given by (3) and (4), the general
solution of (2) is now given by

u(t) :uf(t)+uo~K1(t)+u1,C-K2(t). (78)

The condition 1k (7,7) = 0 requires that ¢1(7) - K1(7) = —c2(7) - K2(7), and hence we may choose
Vi (t,T) as
Kai(t) — 3253 Ka(t),  |Kai(r)| < |Ka(7)],

¢K(t,7)—{ RO K1) - Ka(t),  |Ki(r)| > |Ka(7)]-

(79)

Remark 4.2. In [6, 7, 1, 2], the Laplace transform of K» (t) was obtained by solving the first order
differential equation (69) for f(s) =0 and uo = 0. In [6, 7, 1], the Laplace transform of K (t) was
obtained by solving the same equation for f(s) =0 and uo = 1.

11
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4.2  Solution of Equation (2) in which Condition 3.1(ii) is satisfied

We give the solution of equation (2) of which the inhomogeneous term f(t) satisfies Condition 3.1(ii),
so that f(s) = s° fs(s), and fs(t) satisfies fz(t)H(t) € Li,.(R).

The following lemma is a special one of Lemma 3.9 for the case where (46) applies.

Lemma 4.4. Let i(s) be a solution of (69), and px(—-,s) be related with px(—-,s) given by
(1), by

e ) = 5 pre(— )8 (30)
Then
prc(t,s):==t-s>+ (c— B —bt)s — (a — B)b, (81)
and (s) = s Pu(s) satisfies
e s)ib(s) = fals) + uofe — 1)s ™. (52

Theorem 4.1 shows that the particular solution of (82) for the term f3(s) is expressed by a particular
solution of

prelt, Dyw=1a(0), 1> 0. (85)
Remark 4.3. We note that px(¢,s) given by (81) is obtained from px(t,s) given by (1), by
replacing a and ¢ by a — 8 and ¢ — f3, respectively, and hence the complementary solutions Kz 1(t)
and K3 2(t) and Green’s functions G (t,0) and G (¢, 7) of Equation (83) are obtained from those
Ki(t), K2(t), Gk (t,0) and Gk (t,T), respectively, of Equation (2), by the same replacement.

Now in place of Theorem 4.1, we have the following theorem.

Theorem 4.2. Let G;(t,7) and ¢4 (¢, 7) be obtained from Gk (¢, 7) and ¥k (¢, 7) by the replacement
stated in Remark 4.3, Condition 3.1(ii) be satisfied for 8 ¢ Z~o, and wgy(t) be given by

— ["c; 7)fa(T)dT = " T*fﬁ(ﬂ T
(0= [ Gt = [t LD (51)
Then
B = OOA~57' T)e *Tdr = <>OA~57'7fﬂ(T) e *Tdr
U)g(S)—/(; GK( ’ )fﬁ( ) d /0 ¢K( ) )T’l/J}{,(T,T) d ‘ (85)

Now uy(t) := oD%wg (t) and 1if(s) = sy (s) are particular solutions of (2) and (69) for the terms
f(t) and f(s), respectively.

Proof. Theorem 4.1 states that when wg(¢) is given by (84), wg(s) = Lwgy(¢)] is the particular
solution of (82) for the term fs(s), and Lemma 4.4 states that @ (s) = s”t,(s) is the particular
solution of (69) for the term f(s). With the aid of Equation (19) in Lemma 2.3, we confirm that
if ug(t) is given by uys(t) = ngwg(t), then af(s) = L[us(t)] is given by is(s) = sy (s), when
B & Z>o. |

12
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4.3 Solution of Equation (2) in which Condition 3.1(iii) is satisfied

We give the solution of Equation (2) of which the inhomogeneous term f(¢) satisfies Condition 3.1(iii),

so that f(t) = g, (t) = r(lu)tlHl and f(s) = §,(s) = s~¥. Here we use 8 ¢ Z_; in place of —v.

Lemma 4.5. Let f(s) = s°, pr(t,s) be given by (81), and G (s,0) satisfy

Then the particular solution of (69) for the term f(s) = s° is given by
as(s) = s"G 1 (s,0). (87)

Proof. is(s) satisfies px (¢, s)i5(s) = s° and hence px (t, s)s %t (s) = 1 by (80). Comparing this
with (86), we see that (87) is satisfied. [ ]

By Remark 4.3, with the aid of G (¢,0) given by (72) and (3), we have

Lemma 4.6. As the solution of (86), we obtain

GI_((Svo):l:[Gf((tvO)]’ Gf((tvo): 'lFl(a_ﬁ;c_ﬁ;bt)~ (88)

L
c—p—-1
Theorem 4.3. Let Condition 3.1(iii) be satisfied, and Gz (¢,0) be given by (88). Then the
particular solution of (2) is given by

=B
(c=p-Dr-25)

(a1)p(a2)p ,k
kl(c1)k(c2)k

ug(t) == o DG (t,0) = 2Fa(l,a— B;1— B,c— B;bt), (89)

where 2F> (a1, az;c1,c2;2) = ZEO:O

Proof. We confirm that when u(t) is given by (89), as(s) = L[us(t)] is given by (87) and (88),
with the aid of Equation (19) in Lemma 2.3. [ ]

5 Particular Solution of the Hypergeometric Differential
Equation in Terms of the Green’s Function
Let
pr(t,s) :=t(1—1t) s>+ (c— (a+b+1)t)-s— ab, (90)

where a € C, b € C and ¢ € C are constants. Then the hypergeometric differential equation with
an inhomogeneous term f(t) is given by

d d? d
pu(t, %)u(t) =t(l-1t)- @u(t) +(c—(a+b+1)t)- ﬁu(t) —ab-u(t) = f(t), t>0. (91)
If f(t) =0 and ¢ ¢ Z, the basic solutions of (91) in [4] and [14] are given by
Hq(t):=2F1(a,b;c;t), (92)
Ho(t):=t""¢ sFi(l+a—c,1+b—c2—ct), (93)

where 2 F1(a,b;¢;2) = > 02, (‘,’C),’(“C()bk)’“ z* of z € C is the hypergeometric series.

We now obtain a particular solution of this equation by the method stated in Section 3 and used
in Section 4.1.

13
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5.1 Solution of Equation (91) in which Condition 3.1(i) is satisfied
The following lemma is a special one of Lemma 3.1 for the case where (47) applies.

Lemma 5.1. Let u(t) be expressed by (16) and be a solution of Equation (91). Then the differential
equation satisfied by u(s) = Ls[u(t)] is given by

Ly ()] + uole — 1) = f(s) + uo(c — 1), (94)

pi (=, 9)ils) = Lalpa(t,

The following lemma is a special one of Lemma 3.2 for the case where (47) applies.

Lemma 5.2. Let 7 >0, pu(t, £)¢(t) - H(t — 7) € L],.(R) and Ur(8) = Lo [1b(t)]. Then

pia(r = 2 8Ybe(5) = Lalpn (6, 5 )0(0)
+7(1 =)' (1) +(T)[e— 1 — (a+b—1)7] + (1)7(1 — 7)s. (95)

The following lemma is a special one of Lemmas 3.4 and 3.5 for the case where (47) applies.
Lemma 5.3. Let Hi(t) and H2(t) be given by (92) and (93), and Yu(t,T) for fized T > 0 be given
by

Yu(t,7) = ci(7) - Hi(t) + c2(7) - Ha(2), (96)
are constants which depend on T and are so chosen that Y (1,7) = 0. Then
for 7 >0, which are given by
L mwHW), Gutr) =
o1 RO, Grlr)= ca e

are the Green’s functions for Equation (91), so that Gr(s,0) = L[Gu(t,0)] and Gu(s,7) =
L:[Gu(t,7)] for 7 > 0 satisfy

where ¢1(7) and ca(T
Gu(t,0) and Gu(t, T

~— —

Gu(t,0):= Yu(t,T)H(t—T), (97)

pr (T — dils,s)éH(s,T) =1, (98)

for 7 =0 and T > 0, respectively.
Proof. If we put u(t) = -5 - Hi(t) in (94), then we have a(s) = Gu(s,0) on the lefthand side

of (94), and the righthand side of (94) is u(0)(c — 1) = 1, since pu (t, %)H:(t) = 0 and H;(0) = 1.
Thus (94) guarantees (98) for 7 = 0. If we put ¥(¢) = me(t,T) and ¥(r) = 0 in
e

(95), then we have 9, (s) = G (s,7) on the lefthand side of (95), and the righthand side of (95) is
7(1 — 7)9'(7) = 1. Thus (95) guarantees (98) for 7 > 0. ]

Theorem 5.1. Let Gy (¢, 7) and ¥ u (¢, 7) be those given in Lemma 5.3, Condition 3.1(i) be satisfied,
and uy(t) be given by

uyp(t) = /000 Gu(t,7)f(r)dr :/o Y (t, T)ﬁ;g}l(mdr (99)
Then
iy(s) = Lsfus(t)] = /Ooo Ciot(5,7) f(7)e T dr = /Ooo Duls, T)%e_”dr (100)

Now u(t) and @ (s) are particular solutions of (91) and (94) for the terms f(¢) and f(s), respectively.

14
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Proof. This is guaranteed by Corollary 3.1. |
The condition g (7,7) = 0 requires that ¢ (7)-H1(7) = —c2(7)-H2(7), and hence we may choose
Yu(t,T) as

Hy(t) — -3 - Ha(t),  |Hi(7)| < |[Hz(7)),

Yu(t,m) = { Hy (1)

Ty - Hi(t) — Ha(t),  [Hi(7)| > [Ha(7)]. (101)

5.2  Solution of Equation (91) in which Condition 3.1(ii) is satisfied

We give the solution of Equation (91) of which the inhomogeneous term f(¢) satisfies Condition 3.1(ii),
so that f(s) = s° fs(s), and fs(t) satisfies fz(t)H(t) € L} (R).

The following lemma is a special one of Lemma 3.9 for the case where (47) applies.

Lemma 5.4. Let 4(s) be a solution of (94), and pu(—-,s) be related with pu(—-,s) given by
(90), by

ﬁH(fdis,s) - s*ﬁpH(f%,s)sﬁ. (102)
Then
put,s)=t(1—1t)-s>+(c—B—(a+b—28+1)t)-s— (a—B)(b-p), (103)
and w(s) = s~Pu(s) satisfies
P syib(s) = fo(s) + uofe — 1)s . (104)

Theorem 5.1 shows that the particular solution of (104) for the term fs(s) is expressed by a
particular solution of

put, %)w(t) — fs(t), t>0. (105)

Remark 5.1. We note that pm(t,s) given by (103) is obtained from pr(t,s) given by (90), by
replacing a, b and ¢ by a — 3, b— 8 and ¢ — 3, respectively, and hence the complementary solutions
Hp 1 (t) and Hg 2(t) and Green’s functions G (¢, 0) and Gz (¢, 7) of Equation (105) are obtained from
those Hi(t), Ha2(t), Gu(t,0) and G (t, T), respectively, of Equation (91), by the same replacement.

Now in place of Theorem 5.1, we have the following theorem.

Theorem 5.2. Let G (t,7) and ¢z (¢, 7) be obtained from G g (¢, 7) and g (¢, 7) by the replacement
stated in Remark 5.1, Condition 3.1(ii) be satisfied, and wq(t) be given by

Gg(t,7)fs(r)dr = 1/1Ht7' _Js(r) dr. (106)
0= v

Then

b _ [ 8, T e *Tdr = 8,T) _Js(0) e *Tdr
(o) = [ Cats,ae)e i = [T hate,m) e (107)

B, (s) are particular solutions of (91) and (94) for the terms

Now wy(t ) = ODng( ) and df(s) = s
f(t) and f(s), respectively.

15
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Proof. Theorem 5.1 states that when wy(¢) is given by (106), wg4(s) := Lg[wgy(t)] is the particular
solution of (104) for the term fs(s), and Lemma 5.4 states that s (s) = s”1y(s) is the particular
solution of (94) for the term f(s). With the aid of Equation (19) in Lemma 2.3, we confirm that
if ug(t) is given by us(t) = oDowg(t), then df(s) = Ls[uy(t)] is given by ds(s) = s°10,4(s), when

B ¢ Zso. |

Remark 5.2. If we put 3 = a or 8 = b, fs(t) = 0 and v(t) = Lw(t) in (105) with (103), (105)
is reduced to a homogeneous differential equation of the first order. By solving it, we obtain v(¢),

and then u(t) = oD% 'v(t) gives the complementary solution Hz(t) of (91), see [2].

5.3  Solution of Equation (91) in which Condition 3.1(iii) is satisfied

We give the solution of Equation (91) of which the inhomogeneous term f(¢) satisfies Condition 3.1(iii),

so that f(t) = g.(t) = F(ly)lt”_1 and f(s) = g, (s) = s¥. Here we use 8 ¢ Z>_, in place of —v.

Lemma 5.5. Let f(s) = s, pu(t,s) be given by (103), and G 5(s,0) satisfy

pr(t,s)Gy(s,0) = 1. (108)
Then the particular solution of (94) for the term f(s) = 5% is given by

as(t) = s°G 5 (s,0). (109)

Proof. (s) satisfies pu(t,s)is(t) = s” and hence pr(t,s)s "as(s) = 1 by (102). Comparing
this with (108), we see that (109) is satisfied. ]

By Remark 5.1, with the aid of G (t,0) given by (97) and (92), we have

Lemma 5.6. As the solution of (108), we obtain

c—

Gﬁ](svo):‘C’S[Gﬁ(t7O)L Gﬁ(tvo):%'QFl(a_ﬁab_ﬁ;c_ﬁ;t)' (110)

Theorem 5.3. Let Condition 3.1(iii) be satisfied, and G (t,0) be given by (110). Then the
particular solution of (91) is given by

B
(c=p-1I1-p5)

’U,f(t):ngGg(t,O): ~3F2(1,a—,8,b—ﬁ;1—B,c—ﬁ;t), (111)

(a1)k(a2)k(as)k

k
kl(c1)k (c2)k ’

oo
where 3F5 (a1, az,as;¢1,¢2;2) = > poy z

Proof. We confirm that when uy(t) is given by (111), 4s(s) = Ls[uy(t)] is given by (109) and
(110), with the aid of Equation (19) in Lemma 2.3. ]

6 Solution of a Fractional Equation with Coefficients of
Polynomial of at Most First Degree

We now consider pr(t,s) given by

3/2 1/2

pr(t,s) =ts”° +ats+bs’'° + ac, (112)
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and then we give solutions of the fractional differential equation:
pr(t,oDr)u(t) :=t - oD¥? u(t) + at - oDr u(t) + b- oD} *u(t) + ac - u(t)
= f(t), t>0. (113)
In this section, we adopt the following condition.

Condition 6.1. Condition 1.1 with the paragraph ” S is an enumerable set of v € C\Z«1” replaced
by 7S is an enumerable set of v € {z € C|22 ¢ Z«1}".

6.1 Complementary solutions of Equation (113)

In this section, we show that the basic complementary solutions of Equation (113) are given by

—12n~ _(F1420)k(= )k (/2 114
Z 142005+ 1) 7 (114)
_ = 1—2b+2c),c
By =2y O 2. 115
(1) ,; KID(—b+ 3+ &) (L15)

By taking account of Lemma 2.3 and Condition 6.1, the AC-Laplace transform of Equation (113)
is given by

pr(= 3 8)ils) 1=~ L [(s*/% + as)als)] + b5 2a(s) + aci(s) = F(5) + (b~ Du_rja. (116)

The complementary solution of this differential equation is given by
(s*? + as)a(s) = Cs"(1 + as1/?)?0 72, (117)

and hence

i(s) = Cs"%/2(1 + a5~ V/2)P2e-1 — ogh 3/22 1—Qb+20)k %) (118)

By the inverse AC-Laplace transform, we have u(t) = CF(t).

The derivation of the basic complementary solutions given by (114) and (115) of Equation (113) by
using the basic method is as follows.

We assume that the solution and its Laplace transform are expressed by

o0 k/2
W) =t*S pp—or 119
(t) ;;OPF(CH'g*'l) (119)
i(s)=s""" Zpksfk/{ (120)
k=0

where po # 0 and o € C\Zo. Using (120) in Equation (116) with inhomogeneous term (b —
1u_1/2 = 1, we obtain

1 e = Eoo1 Eoo1 a2
(a— 5 +0)pos™ 24 Y (ad 5 = 3+ b)pr+ (a+ 5 — 5 +Japels =1 (121)
k=1
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We first give the complementary solution of this equation. Then (121) with 0 on the righthand side
requires o = % — b and

k k
oPrt (5 —btJapea =0, k€ Zso, (122)
and hence
—alk —2b—2 —a)*(1—-2b+2
Py = %pk—l _ (=a)"( o c)kp(h k € Zso. (123)

Putting « = 2 — b and po = C, and using (123) in (120) and (119), we obtain (118) and u(t) =
CF(t), respectively, when F»(t) is given by (115).

We next consider Equation (121) with the inhomogeneous term 1. Then we put o = f%, and obtain
(=1+b)po =1,
k k
(5—1+b)pk+(§—1+c)apk,1 =0, ké€Zso, (124)

and hence py = ﬁ and

k
s —1+c -1+ 2¢
Pk = _apk—lii = (—a)kpo( L

S OL Ty 125
E_ 140 (—1+2b)y, -0 (125)

Using these in (119), we obtain u(t) = ;25 Fi(t), when Fi(t) is given by (114). We note that

U_1/9 = bi—l for this solution u(t).

6.2 Green’s Function for Equation (113)

In this section, we use u(?(t), a¥)(s) and u@(s) to represent o Dpu(t), LloDiu(t)] = s°i(s) and
Lo [oD%u(t)] = L-[u'®) (t)], respectively.

We express Equation (113) as

NP V) d d (-1/2) -
pr(t,0DRr)u(t) :=t - TR (t)+at- au(t) +b- i () +ac-u(t) = f(t), t>0,
(126)
where u(~/?) (1) = ngl/zu(t). We then express (116) as
d ooy d, 2.(-1/2) d, . S (~1/2)
pr(= s 8)i(s):=LIpr(t, 0 Dr)u(t)] — o-{s"a (8))o — az{si(s))o + b(sa (s))o-
(127)

Following Definition 3.1, we adopt the following definition.

peﬁnition 6.1. For Equation (126), the Green’s function Gr(t,7) for 7 € R>q is so defined that
Gr(s,7) = L:[GFr(t,T)] satisfies

pr(r — dils,s)éF(s,T) 1 (128)

In discussing the Green’s function, we use the following lemma, which corresponds to Lemma 3.2.
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Lemma 6.1. Let 7 € R, ¢(t) be such that ;Téw(t) CH(t—7) € LL.(R), ¥r(s) := L,[1h(t)], and T
represent T — d%. Then

pr (L 8)9-(s) = Lo [pr(t, 0 DR)$(D)] + (pr (, 8)8-(5))o, (129)
where
(pr(F,8)dr(s))o =7[v VD (r)s = VD7) —agp(r)] + (b= D (7). (130)
Proof. By Lemma 3.2, from (127), we obtain (129) with
(pr (T, Y- (9))o = E(s" B2 ()0 + al(sibr(s))o + b(s (s))o. (131)

where 121571/2)(3) =L [ngl/Qw(t)], In obtaining (130) from (131), we use

("D D ()0 = VD (r)s = VD7), (s)r(s))o = ¥(7),

(stbr™ 2 ()0 = 9P (), (132)
which follows from (36). ]

Lemma 6.2. Let Fi(t) and Fz(t) be given by (114) and (115), and ¢r(¢,7) for fized 7 € Rso be
expressed by

Yr(t,7) = c1(T)Fi(t) + c2 (1) Fa(t), (133)

where ¢1(7) and c2(7) are determined such that w;_l/Q)(T, 7), which is the value of w;;l/Q)(t, T) at
t =7, is equal to 0. Then Gr(t,0) and Gr(t, ) for T > 0, which are given by

Gr(t,0)= Fi(t)H(t), (134)
_ 1
r%’? (1,7) + apr (1, 7)]

are the Green’s functions for Equation (113).

b—1
GF(t7T):

Yr(t, T)H({t —7), (135)

Proof. If we use 7 = 0 and ¥ (¢) = Gr(t,0) in (129), we see that the righthand side is equal to
(b— Du"2(0) = 1, since F{"/?(0) = 1 is confirmed by (114). If we use ¢(t) = Gr(t,7) in
(129), we see that the righthand side is equal to 1. ]

Remark 6.1. In the last paragraph of Section 6.1, it is shown that Equation (134) is the solution
of Equation (128) for 7 = 0.

6.3 Particular solution of Equation (113) in terms of the Green’s
function

Corresponding to Corollary 3.1, we have

Theorem 6.1. Let Gr(t,7) be defined by Definition 6.1 for Equation (113), and Condition 3.1(i)
be satisfied. Then uy(t) and is(s) given by

uys(t) = /0'00 Gr(t,7)f(r)dr,
iy (s) = /Ooo Gr(s,7)f(r)e *"dr, (136)

are particular solutions of (113) and (116) for the terms f(¢) and f(s), respectively.
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Remark 6.2. In Section 3, we introduce pa(t,s) related with pa(t,s), by (63). We denote the
corresponding quantity for pr(t, s), by pr(t,s). By using formula (66), we obtain

1/2 +ac)s*8

Pr(t,s)=sPpr(t,s)s” = s P(ts*? + ats + bs
= (ts — B)s"/* + a(ts — B) + bs'/?* + ac
=ts*? +ats+ (b— B)s** + a(c — B). (137)
We note that pr(t,s) is given by pr(t, s) with b and c replaced by b — 8 and ¢ — 3, respectively.

Remark 6.3. When we study the problem in which Condition 3.1(ii) or 3.1(iii) applies, we use
pr(t,s) and the equation given by

. d

pr(t, a)w(t) = fa(t), t>0. (138)
By Lemma 3.9, we have

Lemma 6.3. Let pr(t,s) be given by (137), and w(s) satisfy
- d N P
Pr(=,8)i(s) = fa(s). (139)

Then (s) given by 4(s) = s°w(s) is the particular solution of (116) for the term f(s) = s° fa(s).

Definition 6.2. For Equation (138), the Green’s function Gy(t,7) for 7 € Rxo is such that
Gg(s,7) = L;|Gz(t,7)] satisfies

d
pr(T — E,S)GF(S,T):].. (140)
Remark 6.4. Taking account of Definitions 6.2 and 6.1 and Remark 6.2, we note that Gg(t,B)
and G (s, ) are Gp(t, 8) and Gr(s, ) with b and ¢ replaced by b — 8 and ¢ — 3, respectively.
Corresponding to Theorems 4.2 and 5.2, we have

Theorem 6.2. Let G;(¢,7) be defined by Definition 6.2, Condition 3.1(ii) be satisfied for j3
satisfying 28 ¢ Zo, and wy(t) be given by

wg(t) ::/0 Gg(t,7)fa(T)dr. (141)

Then

g (5) = Ll (1)) = / Gp(s.7)fs(r)e " dr. (142)
0
Now f(s) := s71b,(s) is the particular solution of (116) for the term f(s) = s° f5(s), and uy(t) =
oD3wy(t) is a particular solution of (113) for the term f(t) = oD/ f5(t).

Proof. By Theorem 6.1, wy(s) given above is the solution of (139), and hence we complete the
proof with the aid of Lemmas 6.3 and 3.9. |

Theorem 6.3. Let 8 ¢ Z~_1, Condition 3.1(iii) be satisfied for g satisfying 23 ¢ Z~o, pr(t, s) be
given by (137), and Gz(t,0) be defined by Definition 6.2. Then the particular solution of (116) for
the term f(s) = s” is given by

G (s) = s"G3(s,0), (143)
and uy(t) = ngGp(t, 0) is a particular solution of (113) for the term f(¢t) = g_g(t) = 71“@5){671'
Proof. When f3(s) = 1, the solution @(s) of (139) is given by (s) = Gz (s,0) by Definition 6.2,
and hence we complete the proof with the aid of Lemmas 6.3 and 3.9. |
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7 Conclusion

In the present paper, we are conserned with differential equations which are satisfied by a function
u(t) for ¢ € Rxo.

We first consider a differential equation with constant coefficients. If the solution w(t) has the
Laplace transform 4(s), the solution is obtained by taking the Laplace transform of the equation,
solving it for 4(s), and then taking the inverse Laplace transform of it. Even when this is not
applicable, we can solve it by the methods of operational calculus or distribution theory. When
the equation is inhomogeneous, the Green’s function is used in distribution theory [15, 16, 11, 17].
In [3], the solutions obtained by distribution theory were shown to be also obtained by using the
AC-Laplace transform.

We next consider a homogeneous differential equation with polynomial coefficients. If the solution
u(t) has the Laplace transform 4(s), the solution is obtained by taking the Laplace transform of the
equation. Even when this is not applicable, we can solve it by the methods of operational calculus
[8, 9, 7] or distribution theory [6, 18]. In [1, 2], the solutions obtained by distribution theory were
shown to be also obtained by using the AC-Laplace transform.

We finally consider an inhomogeneous differential equation with polynomial coefficients. In [3], the
solution was shown to be obtained by the methods of distribution theory with the aid of the Green’s
function; see also [16, 19]. In the present paper, the solutions obtained by distribution theory are
also obtained by using the AC-Laplace transform.
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