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Abstract 
 

This paper contains several generalizations of the theorems for common fixed point of R. Kannan, S. K. 
Chatterjea and P. V. Koparde & B. B. Waghmode types of mappings. These generalizations are done by 
using a sequentially convergent mappings. Trough several examples, we have shown that the generalized 
claims are inapplicable, and that the obtained generalized claims prove the existence of a unique common 
fixed point of considered mappings. 
 

 
Keywords: Common fixed point; complete metric space. 
 

1 Introduction  
 
The development of the theory of fixed point started with the S. Banach [1] theorem, which actually consider 
the principle of the contractive mapping. The above theorem was presented by Banach, as a part of his 
doctor dissertation and is a very important researching instrument in many fields of mathematics.                       
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R. Kannan [2], 1968 and S. K. Chatterjea [3], 1972, proved that if ( , )X d  is a complete metric space and 

:S X X→ is mapping so that it exists 1
2

(0, )α ∈  and for all ,x y X∈  respectively, one of the following 

inequalities is satisfied: 
 

( , ) ( ( , ) ( , ))d Sx Sy d x Sx d y Syα≤ + ,  
 

( , ) ( ( , ) ( , ))d Sx Sy d x Sy d y Sxα≤ + ,  

 
then, S  has a unique fixed point. In [4] S. Moradi and D. Alimohammadi generalized R. Kannan result, by 
using the sequentially convergent mappings, in [5] are proven several generalizations of R. Kannan, S. K. 
Chatterjea, P. V. Koparde and B. B. Waghmode theorems [6] based on sequentially convergent, defined as 
the following: 
 
Definition 1 [7]. Let ( , )X d  be a metric space. A mapping :T X X→  is said sequentially convergent if, 

for each sequence { }ny  the following holds true:  

 
if { }nTy  convergences, then { }ny  also convergences. 

 

2 Common Fixed Points for Kannan Type of Mappings 
 
Theorem 1. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and sequentially 

convergent mapping and 1 2, :S S X X→ . If there exist 0, 0α β> ≥  such that 2 1α β+ <  and 
 

1 2 1 2( , ) ( ( , ) ( , )) ( , )d TS x TS y d Tx TS x d Ty TS y d Tx Tyα β≤ + + ,                             (1) 
 
for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. Let 0x  be any point in X  and let the sequence { }nx  be defined as the following  

 

2 1 1 2 2 2 2 2 1, ,n n n nx S x x S x+ + += =  for 0,1,2,...n= . 
 
If it exists 0n ≥ , so that 1 2n n nx x x+ += = , then it is easy to be proven that nu x=  is a common fixed point 

for 1S  and 2S . Therefore, let’s suppose that there does not exist three consecutive identical terms of the 

sequence { }nx . Then, by using the inequality (1), it is easy to be proven that for each 1n ≥ , the following 
holds true  
 

2 1 2 2 1 2 2 2 1 2 2 1( , ) [ ( , ) ( , )] ( , )n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα β+ + − −≤ + +  and 
 

2 1 2 2 2 2 1 2 1 2 2 2 2 1( , ) ( , ) ( , ) ( , )n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα α β− − − − − −≤ + + . 
 

The latter implies that for each 0,1,2,...n=  and 
1

1α β
αλ +

−= <  

 

1 1( , ) ( , )n n n nd Tx Tx d Tx Txλ+ −≤ ,                                                                                                       (2) 
 
holds true. Thus, the inequality (2) implies that  
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1 1 0( , ) ( , )n
n nd Tx Tx d Tx Txλ+ ≤ ,                   (3) 

 
for each 0,1,2,...n= . Further, (3) implies that for all , ,m n n m∈ >N : 

 

1 01
( , ) ( , )

m

n md Tx Tx d Tx Txλ
λ−≤  

 
holds true. That is the sequence { }nTx  is Caushy. But, X  is a complete metric space, therefore the sequence 

{ }nTx  is convergent. Further, the mapping :T X X→  is sequentially convergent and since { }nTx  is 

convergent, it is true that the sequence { }nx  is convergent, i.e. it exists u X∈  so that lim n
n

x u
→∞

= . Thus, 

the continuous of T  implies that lim n
n

Tx Tu
→∞

= . So, 

 

1 2 2 2 2 1 2 2 2 2 1 1

2 2 1 2 1 2 2 1 2 1

2 2 1 2 1 2 2 2 1

( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( ( , ) ( , )) ( , )

( , ) ( ( , ) ( , )) ( , ).

n n n n

n n n n

n n n n

d Tu TS u d Tu Tx d Tx TS u d Tu Tx d TS x TS u

d Tu Tx d Tu TS u d Tx TS x d Tu Tx

d Tu Tx d Tu TS u d Tx Tx d Tu Tx

α β
α β

+ + + +

+ + + +

+ + + +

≤ + = +
≤ + + +
≤ + + +

 

 
For n → ∞ , the latter implies that 1 1( , ) ( , )d Tu TS u d Tu TS uα≤ , holds true. But, 1α < , so, 1( , ) 0d TS u Tu = . 

That is, 1TS u Tu=  and since T  is injection, we get that 1S u u= , i.e. u is a fixed point for 1S . Analogously, 

u is a fixed point for 2S . We will prove that 1S  and 2S  have a unique common fixed point. Let v X∈  be 

one other fixed point for2S , i.e. 2S v v= . So, 
 

1 2 2 1( , ) ( , ) ( ( , ) ( , )) ( , ) (2 ) ( , ),d Tu Tv d TS u TS v d Tu TS v d Tv TS u d Tu Tv d Tu Tvα β α β= ≤ + + = + , 
 
Since, 2 1α β+ <  we get that ( , ) 0d Tu Tv ≤ , therefore Tu Tv= . But, T  is injection, therefore u v= . ■ 
 
Consequence 1. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If it exists (0,1)λ ∈  so that  
 

3
1 2 1 2( , ) ( , ) ( , ) ( , )d TS x TS y d Tx TS x d Ty TS y d Tx Tyλ≤ ⋅ ⋅  

 
for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. The arithmetic-geometric mean inequality implies that 
 

1 2 1 23
( , ) ( ( , ) ( , ) ( , ))d TS x TS y d Tx TS x d Ty TS y d Tx Tyλ≤ + + . 

 

holds true. Thus, for 
3
λα β= =  in Theorem 1, we get the required claim.■ 

 
Consequence 2. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exist 0, 0α β> ≥  so that 2 1α β+ <  and 
 

2 2
1 2

1 2

( , ) ( , )
1 2 ( , ) ( , )

( , ) ( , )
d Tx TS x d Ty TS y
d Tx TS x d Ty TS y

d TS x TS y d Tx Tyα β+
+≤ + , 
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holds true for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. The inequality given in the condition implies (1). Thus, the claim is directly implied by Theorem 1. ■ 
 
Consequence 3. Let ( , )X d  be a complete metric space, :T X X→ is continuous, injection and sequentially 

convergent mapping and 1 2, :S S X X→ . If it exists 1
2

(0, )α ∈  so that 

 

1 2 1 2( , ) ( ( , ) ( , ))d TS x TS y d Tx TS x d Ty TS yα≤ +  
 

holds true for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 
 
Proof. For 0β =  in the Theorem 1, we get the required claim. ■ 
 

Consequence 4. Let ( , )X d  be a complete metric space and 1 2, :S S X X→ . If there exist 0, 0α β> ≥  so 

that 2 1α β+ <  and 
 

1 2 1 2( , ) ( ( , ) ( , ))d TS x TS y d Tx TS x d Ty TS yα≤ +  
 

holds true for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 
 
Proof. For Tx x= in Theorem 1 we get the required claim t. ■ 
 

Consequence 5. Let ( , )X d  be a complete metric space and 1 2, :S S X X→ . If there exists 1
2

(0, )α ∈  so 

that 
 

1 2 1 2( , ) ( ( , ) ( , ))d S x S y d x S x d y S yα≤ +  
 

holds true for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 
 
Proof. For Tx x=  in Consequence 3 or 0β =  in Consequence 4 we obtain the required claim. ■  
 
Consequence 6. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exist ,p q∈N , 0, 0α β> ≥  so that 

2 1α β+ <  and 
 

1 2 1 2( , ) ( ( , ) ( , )) ( , )p q p qd TS x TS y d Tx TS x d Ty TS y d Tx Tyα β≤ + +  
 

holds true for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 
 

Proof. Since the Theorem 1, the mappings 1
pS  and 2

qS  have a unique common fixed point u X∈ . That is, 

1
pS u u= . Therefore, 1 1 11 1( ) ( )p pS u S S u S S u= =  that is, 1S u is a fixed point for 1

pS . Analogously, thereby 

2
qS u u=  it is true that 2 2 22 2( ) ( )q qS u S S u S S u= =  that is, 2S u is a fixed point for 2

qS . But, the proof of 

Theorem 1 implies that the both 2
qS  and 1

pS  have a unique fixed point. Therefore, 2u S u=  and 1u S u= . 

So, u X∈  is a common fixed point for 1S  and 2S . If v X∈  is one other fixed point for1S  and 2S , then it is 

a common fixed point for1
pS  and 2

qS . But, 1
pS  and 2

qS have a unique fixed point. Therefore, v u= . ■  
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Example 1. Let 1 1 1
2 3 4

{0} {1, , , ,...}X = ∪  and d  be an Euclidian metric in X . Then, ( , )X d  is a complete 

metric space. Let the mappings 1 2, :S S X X→  be determined by 1 2(0) (0) 0S S= =  and 
1 1 1 1

1 21 2
( ) , ( )
n n n n

S S+ += = , for 1n ≥ . If there exists 1
2

(0, )α ∈ , such that, for all ,x y X∈  the condition given 

in Consequence 5 is satisfied, then for 1 1
1 2 2
,

n n
x y− −= =  we get that for each 1n > , 1 1

3 2
n α− ≤ < has to be 

satisfied, which is contradictory. Thus, it is impossible to apply the Consequence 5. The mapping 

:T X X→  determined by (0) 0T =  and 2
1 1

[ ]
( ) nn e

T = , for 1n ≥  is continuous, injection and sequentially 

convergent mapping. Further, since [ ] [ ] [ ]x y xy⋅ ≤ , for all , 0x y≥  we get that for each 1n ≥  the following 
holds true 
 

2 2 2 2 2 2( 1)7[ ] [ ] [ ] [ ] [ ]n n n ne e e e e e +≤ ⋅ = = ,  
 
i.е.  
 

2( 1) 2 2( 1)
1 1 1 1

6[ ] [ ] [ ]
( )n n ne e e+ +≤ − . 

 
Therefore, for all ,m n∈N , m n> the following holds true  
 

2( 1) 2( 2) 2( 1) 2( 2) 2( 1) 2( 1)

2 2( 1) 2 2( 1) 2 2( 1) 2 2( 2)

1 1 1 1 1 1 1 1
1 2 [ ] [ ] [ ] [ ] [ ] [ ]

1 1 1 1 1 1 1 1 1 1 1 1
6 6 6 6[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

1 1 1 1
16

| ( ) ( ) | | |

| | | | | | | |

[| ( ) ( ) | | ( )

n m n m n m

n n m m n n m m

n m e e e e e e

e e e e e e e e

n n m

TS TS

T TS T

+ + + + + +

+ + + +

− = − < + ≤ +

≤ − + − ≤ − + −

= − + − 1
2( ) |].

m
TS

 

 
For each n∈N , the following also holds true 
 

2( 2) 2( 1) 2 2( 1) 2 2( 2)
1 1 1 1 1 1 1 1 1

1 2 6 6[ ] [ ] [ ] [ ] [ ] [ ]

1 1 1
1 26

| (0) ( ) | | | | |

[| (0) (0) | | ( ) ( ) |],

n n n n n nn e e e e e e

n n

TS TS

T TS T TS

+ + + +− = ≤ ≤ − ≤ − =

− + −
 

 

2( 1) 2 2( 1)
1 1 1 1 1 1 1 1

2 1 2 16 6[ ] [ ] [ ]
| (0) ( ) | | | [| (0) (0) | | ( ) ( ) |].n n nn n ne e e
TS TS T TS T TS+ +− = ≤ − = − + −  

 

So, the condition given in Consequence 3 is satisfied for 1
6

α = . Therefore, the mappings 1S  and 2S  have a 

unique common fixed point. ■ 
 

3 Common Fixed Points for Chatterjea Type of Mappings 
 
Theorem 2. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and sequentially 

convergent mapping and 1 2, :S S X X→ . If there exist ,p q∈N , 0, 0α β> ≥  so that 2 1α β+ <  and 
 

1 2 2 1( , ) ( ( , ) ( , )) ( , )d TS x TS y d Tx TS y d Ty TS x d Tx Tyα β≤ + + ,               (4) 
 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 
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Proof. Let 0x  be any point in X  and let the sequence { }nx  be defined as the following 2 1 1 2 ,n nx S x+ =  

2 2 2 2 1,n nx S x+ +=  for 0,1,2,...n= . If there exists 0n ≥ , so that 1 2n n nx x x+ += = , then it is easy to be 

proven that nu x=  is a common fixed point for 1S  and 2S . Therefore, let’s suppose that there does not 

exist three consecutive identical terms of the sequence { }nx . Then, by using (4), it is easy to be proven that 

for each 1n ≥  the following holds true 
 

2 1 2 2 1 2 2 2 1 2 2 1( , ) ( , ) ( , ) ( , )n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα α β+ − + −≤ + + ,  
 

2 1 2 2 2 2 1 2 1 2 2 2 2 1( , ) ( , ) ( , ) ( , )n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα α β− − − − − −≤ + + .  
 
The latter implies that 
 

1 1( , ) ( , )n n n nd Tx Tx d Tx Txλ+ −≤ ,                   (5) 

 

holds true, for each 0,1,2,...n= , and 
1

1α β
αλ +

−= < . The inequality (5) implies  

 

1 1 0( , ) ( , )n
n nd Tx Tx d Tx Txλ+ ≤ ,                   (6) 

 
for each 0,1,2,...n= . Further, by using (6), analogously as the proof of the Theorem 1, we get that the 

sequence { }nTx is convergent, therefore the sequence { }nx  is convergent, i.e. it exists u X∈  so that 

lim n
n

x u
→∞

=  and lim n
n

Tx Tu
→∞

= . We will prove that u is a fixed point for 1S . We have  

 

1 2 2 2 2 1 2 2 2 2 1 1

2 2 2 1 1 2 2 1 2 1

2 2 2 1 1 2 2 2 1

( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( ( , ) ( , )) ( , )

( , ) ( ( , ) ( , )) ( , ).

n n n n

n n n n

n n n n

d Tu TS u d Tu Tx d Tx TS u d Tu Tx d TS x TS u

d Tu Tx d Tx TS u d Tu TS x d Tu Tx

d Tu Tx d Tx TS u d Tu Tx d Tu Tx

α β
α β

+ + + +

+ + + +

+ + + +

≤ + = +
≤ + + +
≤ + + +

  

 
For n → ∞ , we get that  1 1( , ) ( , )d Tu TS u d Tu TS uα≤  But, 1α < , and the latter implies that 1( , ) 0d TS u Tu= . 

Then, analogously as the proof of Theorem 1,we get that u is a fixed point for 1S . Analogously, u is a fixed 

point for 2S . We will prove that 1S  and 2S  have a unique common  fixed point. Let v X∈  be one other 

fixed point for 2S , i.e. 2S v v= . We have  

 

1 2 2 1( , ) ( , ) ( ( , ) ( , )) ( , ) (2 ) ( , ),d Tu Tv d TS u TS v d Tu TS v d Tv TS u d Tu Tv d Tu Tvα β α β= ≤ + + = +  

 
and since 2 1α β+ <  we get that ( , ) 0d Tu Tv = , therefore Tu Tv= . But, T  is injection. Therefore, u v= . ■  

 
Consequence 7. Let ( , )X d  be a complete metric space, :T X X→  be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If (0,1)λ ∈ , and 
 

3
1 2 2 1( , ) ( , ) ( , ) ( , )d TS x TS y d Tx TS y d Ty TS x d Tx Tyλ≤ ⋅ ⋅  

 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point.  

 
Proof. The arithmetic-geometric mean inequality implies 
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1 2 2 13
( , ) ( ( , ) ( , ) ( , ))d TS x TS y d Tx TS y d Ty TS x d Tx Tyλ≤ + + . 

 

For 
3
λα β= = , the Theorem 2 implies the required claim. ■  

 
Consequence 8. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exist 0, 0α β> ≥  so that 2 1α β+ <  and 

 
2 2

2 1

2 1

( , ) ( , )
1 2 ( , ) ( , )

( , ) ( , )
d Tx TS y d Ty TS x
d Tx TS y d Ty TS x

d TS x TS y d Tx Tyα β+
+≤ +  

 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. The condition inequality implies (4). Further, the required claim is implied by Theorem 2. ■ 
 
Consequence 9. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exists 1
2

(0, )α ∈ and  

 

1 2 2 1( , ) ( ( , ) ( , ))d TS x TS y d Tx TS y d Ty TS xα≤ +  
 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point.  
 
Proof. For 0β =  in Theorem 2, we get the required claim. ■ 

 
Consequence 10. Let ( , )X d  be a complete metric space and 1 2, :S S X X→ . If there exist 0, 0α β> ≥ , so 

that 2 1α β+ <  and  
 

1 2 2 1( , ) ( ( , ) ( , )) ( , )d S x S y d x S y d y S x d x yα β≤ + +  
 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. For Tx x=  in Theorem 2, we get the required claim. ■ 
 

Consequence 11. Let ( , )X d  be a complete metric space and 1 2, :S S X X→ . If there exists 1
2

(0, )α ∈  so 

that 
 

1 2 2 1( , ) ( ( , ) ( , ))d S x S y d x S y d y S xα≤ + , 
 

holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 
 
Proof. Either for Tx x=  in Consequence 9 or 0β = in Consequence 10, we get the required claim. ■ 
 

Consequence 12. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exist , ,p q∈N  0, 0α β> ≥  so that 

2 1α β+ <  and  
 

1 2 2 1( , ) ( ( , ) ( , )) ( , )p q q pd TS x TS y d Tx TS y d Ty TS x d Tx Tyα β≤ + + , 
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holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. The proof is identical to the proof of Consequence 6. ■ 
 
Example 2. Let ( , )X d  and 1 2, , :T S S X X→  be the metric space and the mappings defined as in the 

Example 1, respectively. If there exists 1
2

(0, )α ∈  so that for all ,x y X∈  the condition given in the 

Consequence 11 is satisfied, then for 1 1
1 2 2
,

n n
x y− −= =  we get that for each 1n >  the following has to be 

satisfied 1 1
2 1 2
n
n

α−
− ≤ < . The latter is contradictory, thereby the sequence 1

2 1
{ }n

n
−
−  convergences to 1

2
. 

Therefore, Consequence 11 is not applicable for the example above. On the other hand, 
 

2( 1) 2( 2) 2( 1) 2 2( 1)

2 2( 1) 2 2( 2) 2 2( 2) 2 2( 1)

1 1 1 1 1 1 1 1
1 2 6[ ] [ ] [ ] [ ] [ ]

1 1 1 1 1 1 1 1 1 1
6 6[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

1 1 1 1 1
2 16

| ( ) ( ) | | | ( )

[ ] [| | | |]

[| ( ) ( ) | | ( ) ( ) |],

n m n n n

n n m m n m m n

n m e e e e e

e e e e e e e e

n m m n

TS TS

T TS T TS

+ + + +

+ + + +

− = − < ≤ −

≤ − + − ≤ − + −

= − + −

 

 
holds true for all ,m n∈N , and also  
 

2( 2) 2 2( 2)
1 1 1 1 1 1 1 1

1 2 2 16 6[ ] [ ] [ ]
| (0) ( ) | ( ) [| (0) ( ) | | ( ) (0) |],n n nn n ne e e
TS TS T TS T TS+ +− = ≤ + = − + −

 
 

2( 1) 2 2( 1)
1 1 1 1 1 1 1 1

2 1 1 26 6[ ] [ ] [ ]
| (0) ( ) | ( ) [| (0) ( ) | | ( ) (0) |],n n nn n ne e e
TS TS T TS T TS+ +− = ≤ + = − + −  

 

holds true for each n∈ N . So, for 1
6

α =  the condition given in Consequence 9 is satisfied, i.e. 1S  and 2S  

have a unique common fixed point. ■ 
 

4 Common Fixed Points for Koparde-Waghmode Type of Mappings  
 
Theorem 3. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and sequentially 

convergent mapping and 1 2, :S S X X→ . If there exist 0, 0α β> ≥  so that 2 1α β+ <  and 
 

2 2 2 2
1 2 1 2( , ) ( ( , ) ( , )) ( , )d TS x TS y d Tx TS x d Ty TS y d Tx Tyα β≤ + + ,              (7) 

 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. Let 0x  be any point in X  and the sequence { }nx  be defined as the following 2 1 1 2 ,n nx S x+ =  

2 2 2 2 1,n nx S x+ +=  for 0,1,2,...n= . If there exists 0n ≥ , so that 1 2n n nx x x+ += =  holds true, then it is easy 

to be proven that nu x=  is a common fixed point of 1S  and 2S . Therefore, let’s suppose that there no exists 

three consecutive identical terms of the sequence { }nx . Then, by using (7), we prove that for each 1n ≥  the 
following holds true 
 

2 2 2 2
2 1 2 2 2 1 2 1 2 2 2 1( , ) ( ( , ) ( , )) ( , ),n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα β+ + − −≤ + +  

 
2 2 2 2

2 1 2 2 2 2 1 2 1 2 2 2 2 1( , ) ( ( , ) ( , )) ( , )n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα β− − − − − −≤ + + .  
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The latter implies the following 
 

1 1( , ) ( , )n n n nd Tx Tx d Tx Txλ+ −≤ ,                   (8) 
 

for each 0,1,2,...n= , and 
1

1α β
αλ +

−= < . Further, (8) implies the following  

 

1 1 0( , ) ( , )n
n nd Tx Tx d Tx Txλ+ ≤ ,                   (9) 

 
for each 0,1,2,...n= . By applying (8), analogously to Theorem 1,we get that  the sequence { }nTx is 

convergent. Therefore, { }nx  is also convergent, i.e. it exists u X∈  so that lim n
n

x u
→∞

=  and lim n
n

Tx Tu
→∞

= . 

We will prove that u  is a fixed point for 1S . We have  
 

1 2 2 2 2 1 2 2 1 2 2 1

2 2 2
2 2 1 2 1 2 2 1 2 1

2 2 2
2 2 1 2 1 2 2 2 1

( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( ( , ) ( , )) ( , )

( , ) ( ( , ) ( , )) ( , )

n n n n

n n n n

n n n n

d Tu TS u d Tu Tx d Tx TS u d Tu Tx d TS u TS x

d Tu Tx d Tu TS u d Tx TS x d Tu Tx

d Tu Tx d Tu TS u d Tx Tx d Tu Tx

α β

α β

+ + + +

+ + + +

+ + + +

≤ + = +

≤ + + +

= + + +

 

 

holds true for each n∈ N . For n → ∞ , we get that 1 1( , ) ( , )d Tu TS u d Tu TS uα≤ . But, 1α < , and 

therefore 1( , ) 0d Tu TS u = . Analogously to Theorem 1, u  is a fixed point for 1S , and also u  is a fixed point 

for 2S . We will prove that 1S  and 2S  have a unique common fixed point. Let v X∈  be one other fixed 

point for 2S , i.e. 2S v v= . We have  
 

2 2 2 2 2 2
1 2 1 2( , ) ( , ) ( ( , ) ( , )) ( , ) ( , ).d Tu Tv d TS u TS v d Tu TS u d Tv TS v d Tu Tv d Tu Tvα β β= ≤ + + =  

 
Since 0 1β≤ < , we get that ( , ) 0d Tu Tv = . Therefore, Tu Tv= . But, T  is injection, and therefore, u v= . ■  
 
Consequence 13. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exists 1
2

(0, )α ∈  and  

 
2 2 2

1 2 1 2( , ) ( ( , ) ( , ))d TS x TS y d Tx TS x d Ty TS yα≤ + , 
 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. For 0β =  in Theorem 3, we obtain the required claim. ■ 

 
Consequence 14. Let ( , )X d  be a complete metric space and 1 2, :S S X X→ . If there exist 0, 0α β> ≥  so 

that 2 1α β+ <  and  
 

2 2 2 2
1 2 1 2( , ) ( ( , ) ( , )) ( , )d S x S y d x S x d y S y d x yα β≤ + + , 

 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. For Tx x=  in Theorem 3, we obtain the required claim. ■ 
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Consequence 15. Let ( , )X d  be a complete metric space and 1 2, :S S X X→ . If there exists 1
2

(0, )α ∈  so 

that 
 

2 2 2
1 2 1 2( , ) ( ( , ) ( , ))d S x S y d x S x d y S yα≤ +  

 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. Either for Tx x=  in Consequence 13 or for 0β = in Consequence 14, we get the required claim.  ■ 

 
Consequence 16. Let ( , )X d  be a complete metric space, :T X X→ be continuous, injection and 

sequentially convergent mapping and 1 2, :S S X X→ . If there exist ,p q∈N , 0, 0α β> ≥  so that 

2 1α β+ <  and 
 

2 2 2 2
1 2 1 2( , ) ( ( , ) ( , )) ( , )p q p qd TS x TS y d Tx TS x d Ty TS y d Tx Tyα β≤ + +  

 
holds true, for all ,x y X∈ , then 1S  and 2S  have a unique common fixed point. 

 
Proof. The proof is  identical to the proof of Consequence 6. ■ 
  
Example 3. Let ( , )X d  and 1 2, , :T S S X X→  be the metric space and the mappings defined as in the 

Example 1, respectively. If there exists 1
2

(0, )α ∈  so that, for all ,x y X∈  the condition given in 

Consequence 16 is satisfied, then for 1 1
1 2 2

,
n n

x y− −= =  we get  that for each 1n >  the following has to be 

satisfied 
2( 1) 1

5 2
n α− ≤ < ,which is not possible. So, for this case it is impossible to use Consequence 15. 

Further, T  is continuous, injection and sequentially convergent mapping and 
 

2 2 2 21 1 1 1 1 1
1 2 1 2 1 2

2 21 1 1 1 1 1
1 236 36

2 21 1 1 1 1
1 218

| ( ) ( ) | | ( ) ( ) | 2(| ( ) | | ( ) | )

2 ( | ( ) ( ) | | ( ) ( ) | )

(| ( ) ( ) | | ( ) ( ) | )

n m n m n m

n n m m

n n m m

TS TS TS TS TS TS

T TS T TS

T TS T TS

− ≤ + ≤ +

≤ ⋅ − + −

= − + −

, 

 

holds true for all ,m n∈N , and also  
 

2 2 2 2 21 1 1 1 1 1 1 1
1 2 2 2 1 236 18

| (0) ( ) | | ( ) | | ( ) ( ) | (| (0) (0) | | ( ) ( ) | ),
n n n n n n

TS TS TS T TS T TS T TS− = ≤ − < − + −
 

 
2 2 2 2 21 1 1 1 1 1 1 1

2 1 1 1 2 136 18
| (0) ( ) | | ( ) | | ( ) ( ) | (| (0) (0) | | ( ) ( ) | ),

n n n n n n
TS TS TS T TS T TS T TS− = ≤ − < − + −   

 
holds true for each n∈ N . That is, for 1

18
α =  the condition given in Consequence 13 is satisfied, i.e. 1S  and 

2S  have a unique common fixed point. ■ 
 

5 Conclusion 
 
In this paper we have proven several claims about common fixed points for two mappings. The proven 
claims are generalizations of already  known theorems, which are not applicable  for certain cases. Logically, 
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the question whether analogous generalizations can be used in other cases is asked. For example, whether 
analogously the claims about the fixed points for the 2-Banach spaces proven in [8], can be generalized? 
 

Competing Interests 
 
Authors have declared that no competing interests exist. 
 

References 
 
[1] Banach S. Sur les operations dans les ensembles abstraits et leur application aux equations integrals. 

Fund. Math. 1922;2:133-181.  
 
[2] Kannan R. Some results on fixed points. Bull. Calc. Math. Soc. 1968;60(1):71-77.   
 
[3] Chatterjea SK. Fixed point theorems. C. R. Acad. Bulgare Sci. 1972;25(6):727-730.  
 
[4] Moradi S, Alimohammadi D. New extensions of kannan fixed theorem on complete metric and 

generalized metric spaces. Int. Journal of Math. Analysis. 2011;5(47):2313-2320.  
 
[5] Malčeski A, Malčeski S, Anevska K, Malčeski R. New extension of Kannan and Chatterjea fixed 

point theorems on complete metric spaces. British Journal of Mathematics & Computer Science. 
2016;17(1):1-10.  

 
[6] Koparde PV, Waghmode BB. Kannan type mappings in Hilbert space. Scientist Phyl. Sciences. 

1991;3(1):45-50.  
 
[7] Branciari A. A fixed point theorem of Banach-Caccippoli type on a class of generalized metric 

spaces. Publ. Math. Debrecen. 2000;57(1-2):45-48.  
 
[8] Malčeski R, Ibrahimi A. Contraction mappings and fixed point in 2-banach spaces. IJSIMR. 

2016;4(4):34-43. 
_______________________________________________________________________________________ 
© 2016 Malčeski et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided 
the original work is properly cited. 
 
 
 
 
 
 

Peer-review history: 
The peer review history for this paper can be accessed here (Please copy paste the total link in your 
browser address bar) 
http://sciencedomain.org/review-history/15826 


