British Journal of Mathematics & Computer Science

18(2): 1-11, 2016, Article no.BJM CS.27906
ISSN: 2231-0851

SCIENCEDOM AIN international

www.sciencedomain.org SCIENCEDOMAIN

Common Fixed Points of Kannan and Chatterjea Types of
Mappingsin a Complete Metric Space

Risto Malgeski®', Aleksa M aléeski?, K aterina Anevska® and Samoil M al&éeski®

YFaculty of Informatics, FON University, Bul. Vojvodina bbojgjk, Macedonia.
“Faculty of Mechanical Engineering, Ss. Cyril and Methodius Usiiye Skopje, Macedonia.
3Centre for Research and Development of Education, Skopjeddaia.

Authors’ contributions

This work was carried out in collaboration between all auth8itsauthors read and approved the final
manuscript.

Article Information

DOI: 10.9734/BJMCS/2016/27906
Editor(s):
(1) Metin Basarir, Department of Mathematics, Syaddniversity, Turkey.
Reviewers:
(1) Sanjib Kumar Datta, University of Kalyani, W&engal, India.
(2) Anonymous, Atilim University, Turkey.
(3) K. Prudhvi, Osmania University, Hyderabad, Telarsg8tate, India.
Complete Peer review Historfttp://www.sciencedomain.org/review-history/15826

Received: 2% June 2016
— _ Accepted: 8 August 2016
| Original Research Article Published: 17" August 2016

Abstract

This paper contains several generalizations of itkerems for common fixed point of R. Kannan, S.|K.

Chatterjea and P. V. Koparde & B. B. Waghmode typesappings. These generalizations are don¢ by
using a sequentially convergent mappings. Trough severalptes, we have shown that the generalized
claims are inapplicable, and that the obtained gemetdhlilaims prove the existence of a unique common
fixed point of considered mappings.

Keywords: Common fixed point; complete metric space.
1 Introduction

The development of the theory of fixed point started withihBanach [1] theorem, which actually consider
the principle of the contractive mapping. The above theorempnesented by Banach, as a part of his
doctor dissertation and is a very important researchisgrument in many fields of mathematics.
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R. Kannan [2], 1968 and S. K. Chatterjea [3], 1972, mabat if (X, d) is a complete metric space and

S: X - Xis mapping so that it existg 1(0,2) and for allx, yO X respectively, one of the following
inequalities is satisfied:

d(Sx Sysa( ¢ x 9¢ d.y .

d(Sx Sysa( ¢ x Sy d.y 9.
then, S has a unique fixed point. In [4] S. Moradi and D.mddhammadi generalized R. Kannan result, by
using the sequentially convergent mappings, in [8] @oven several generalizations of R. Kannan, S. K.

Chatterjea, P. V. Koparde and B. B. Waghmode theoréinisglsed on sequentially convergent, defined as
the following:

Definition 1 [7]. Let (X, d) be a metric space. A mappidg X — X is said sequentially convergent if,
for each sequendgy,} the following holds true:

if {Tyy convergences, thefy,} also convergences.
2 Common Fixed Pointsfor Kannan Type of Mappings

Theorem 1. Let (X,d) be a complete metric spack; X — X be continuous, injection and sequentially
convergent mapping an8;, S,: X X. If there exista >0, 2 0 such that2a + <1 and

d(TexTS y<a( d TxT9x (dTyFPyB (d Ty, 1)
for all x,yd X, then§ and S, have a unique common fixed point.
Proof. Let Xy be any pointinX and let the sequendes} be defined as the following

X2n+1: S.LXZ'I’ X2"I+ 2= Sz )§’T\“ 1 for n:0,1,2,..‘.

If it exists n= 0, so thatX, = X1 = X2, then it is easy to be proven that x, is a common fixed point
for § and S,. Therefore, let's suppose that there does not exist tlmesecutive identical terms of the

sequencd X} . Then, by using the inequality (1), it is easy to be enothat for eacm =1, the following
holds true

d(Monen, Ton)<al d Ty, T+ €@ Ty, T J]+6 d Tx  Tx ) and
d(Mon-1, Ton)Sad T o T 9+a @ T3 T)+B8 0T 2 Tx )

a+p
1-a <1

The latter implies that for eadh=0,1,2,... and A =

d(Txe1, TH) S A A T, Txa), (2)

holds true. Thus, the inequality (2) implies that
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d(Ts1, DR) <A A T, Ty), ®)

for eachn=0,12,... Further, (3) implies that for atih NON, n> m:

d(Tx, Ty <245 d Ty, T)

holds true. That is the sequer{de;} is Caushy. ButX is a complete metric space, therefore the sequence
{Tx} is convergent. Further, the mappifig X - X is sequentially convergent and sinfEx} is
convergent, it is true that the sequefi®g is convergent, i.e. it exists(J X so thatlim x, =u. Thus,

n-—oo

the continuous off implies that lim Tx, = Tu. So,

n- oo

dTuTS9s d Tu Txeo)+ 6 Txeoo T8 (dTufx+ (dISg (IS
Sd(Tu Tynep) +a(d Tu Te e 0 Txe, TS D+L (d Tu x)
Sd(Tu Tpe) +a(d TUu TE W @ T, D)+ L6 (d Tu X ).

For n — oo, the latter implies that(Tu, TS §<a ¢ Tu TS), holds true. Butg <1, so, d(T§y Tg=0.
That is, TS u= Tt and sinceT is injection, we get thaf u= u, i.e. U is a fixed point forS, . Analogously,
U is a fixed point foiS, . We will prove thatS and S, have a unique common fixed point. befl X be
one other fixed point fdg,, i.e. S v= v. So,

d(TuTY=dTou TS)ca( d Tu3S+w (d,TviTHHB ( d TTr+5) ( d Ty
Since, 2a + <1 we get thatd(Tu, TY) < 0, thereforeTu= Tv. But, T is injection, thereforal=Vv. m

Consequence 1. Let (X,d) be a complete metric spac&,: X — X be continuous, injection and
sequentially convergent mapping aSd S,: X— X If it exists A 0(0,1) so that

d(TS x T$ ¥<AY @ Tx T (d Ty 790/( d, T
for all x,yd X, thenS and S, have a unique common fixed point.

Proof. The arithmetic-geometric mean inequality impliest th
d(TSxT$ ¥y<4( @ TxTS)x (d Ty T4y (d, THY.
holds true. Thus, foor = :% in Theorem 1, we get the required claim.

Consequence 2. Let (X,d) be a complete metric spac&,: X » X be continuous, injection and
sequentially convergent mapping ad S;: X X If there exista >0, 2 0 so that2a + 8 <1 and

d*(TxTg ¥+ d( Ty TS )y
d(TS % TS Y=o Gora g et £ ¢ T Ty
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holds true for allx, yO X, then§ and S, have a unique common fixed point.
Proof. The inequality given in the condition implies (Thus, the claim is directly implied by Theorerml.
Consequence 3. Let (X, d) be a complete metric space; X - Xis continuous, injection and sequentially
convergent mappinganf, S$: X- X Ifit exists a 0(0,4) so that

dT§ x TS y<a( @ Tx 9% (d Ty J9)
holds true for allx, yO X, then§ and S, have a unique common fixed point.
Proof. For £=0 in the Theorem 1, we get the required claim.

Consequence 4. Let (X, d) be a complete metric space ad S: X— X. If there exista >0,8= 0 so
that 2a + <1 and

d(Tg x TS y<a( d Tx 9% (d Ty7T9)

holds true for allx, yOO X, then § and S, have a unique common fixed point.
Proof. For Tx= xin Theorem 1 we get the required claina t.

Consequence 5. Let (X,d) be a complete metric space a§d S : X- X. If there existsaD(O,%) S0
that

d(§x g ysa(d xspt d.yS))

holds true for allx, yO X, then§ and S, have a unique common fixed point.
Proof. For Tx= x in Consequence 3 gf=0 in Consequence 4 we obtain the required claim.

Consequence 6. Let (X,d) be a complete metric spac&,: X - X be continuous, injection and
sequentially convergent mapping ar§l, S: X- X. If there exist p,qON , a>0,620 so that
20+ <land

dTS xT¢ y<a( 6 TxT8)x (d Ty F9)¥yB (dTY

holds true for allx, yOO X, then § and S, have a unique common fixed point.

Proof. Since the Theorem 1, the mappir‘@_g and Sg have a unique common fixed pointd X . That is,
S_Lpu: u. Therefore,Su= §( ;? = ﬁ( S ithat is,S u is a fixed point forS_Lp. Analogously, thereby
Sju=uit is true thatSu= S( § ¥= ¥ S)ithat is,S,uis a fixed point forS]. But, the proof of

Theorem 1 implies that the bo$£1 and Slp have a unique fixed point. Therefore= S, uandu=§u.
So,ul X is a common fixed point fo§ and S, . If vO X is one other fixed point f@& and S, , then it is

a common fixed point f° and SJ. But, S? and SJ have a unique fixed point. Therefore= u.
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Example 1. Let X ={0} ({1,
metric space. Let the mappingsS,S: X- X be determined by S(0)=S(0)=0 and

s@) =-L, 5@ =—L, for nz1. If there eX|stsa'D(O,1) such that, for allx, y( X the condition given

Nl

14..} andd be an Euclidian metric i . Then,(X,d) is a complete

in Consequence 5 is satisfied, then %or = 1, y—— we get that for each > 1, ‘1<a <1 has to be
satisfied, which is contradictory. Thus, it is |n$p(ble to apply the Consequence 5. The mapping
T:X - X determined byl'(0)=0 and T(%)— for n>1 is continuous, injection and sequentially

(€’
convergent mapping. Further, sincd [y <[ xy, for all x, y=0 we get that for each>1 the following
holds true

MM <[ peN d 61 4 &MY,

[e ﬂ+l - l( n+1T)

Therefore, for allm NCJN, m> nthe following holds true

|T§,(l) Tsz( )|:| n+1)] [e r%+2) F[eznu]) z]) S[ e2(rl+]1)+ g(n%r]l)

[e

[e
Stlen @ ey ey Fela e My e
= TG -TSD 1+ TE)-TSE

For eachnN, the following also holds true

TS TS F ity < 3 [y Tery K e
FITO-TSO 1+ ITE) TSE) 1L

TS (0)- T$E) F oz <5 by rgog Fall TO- T8OF 1Ty TSO)I

So, the condition given in Consequence 3 is satidior a :% . Therefore, the mappindg§, and S, have a
unique common fixed poini

3 Common Fixed Pointsfor Chatterjea Type of Mappings

Theorem 2. Let (X,d) be a complete metric spack; X - X be continuous, injection and sequentially
convergent mapping an§;, S;: X— X If there existp,q0ON, a>0,82 0 so that2a + f<1 and

dTSxTg ysa( d TXTS)y (dTyTHxs (d T3, @)

holds true, for allx, yO X, then§ and S, have a unique common fixed point.
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Proof. Let xo be any point inX and let the sequende;} be defined as the followingon+q = S; Yo,
Xons2 = S X for N=0,1,2,... If there existsn>0, so thatX, = Xuq = X2, then it is easy to be
proven thatu = x, is a common fixed point fof and S,. Therefore, let's suppose that there does not

exist three consecutive identical terms of the eage{x} . Then, by using (4), it is easy to be proven that
for eachn =1 the following holds true

d(Monsg, Ton)Sad T g Te)+a @ T, T )+8 O T T ),

d(Mon-1, Pon) <@ d T o T+ @ Ty TH+B @ T 2 T )
The latter implies that

d(Mxe1, TH) S A A T, Txa), ®)

holds true, for eacm=0,1,2,.., and A =28 <1. The inequality (5) implies

T
d(Tx1, DR)< A" A T, T¥), (6)

for eachn=0,1,2,... Further, by using (6), analogously as the prdothe Theorem 1, we get that the
sequence(Tx} is convergent, therefore the sequefog is convergent, i.e. it exista 0 X so that
lim X, =u and lim Tx, = Tu. We will prove thatu is a fixed point for§ . We have

n—oo Nn—oo

dTuTS U< d Tu Txe)+ 6 T T8 (dTuZx)+ (dISg IS
<d(Tu Tnsp) +a(d Thpeg, T € Tu TSax )+ B (d Tu Fxy
<d(Tu, D) +a(d Toneg, TS @ Tu Tx, D)+ B (d Tu Bx 9

For n — o, we get thatd(Tu, TS §<a ¢ Tu TS} But, a <1, and the latter implies that(TS y T)=0.
Then, analogously as the proof of Theorem 1,wetggtu is a fixed point forS;. Analogously,u is a fixed
point for S,. We will prove that§ and S, have a unique common fixed point. hefl X be one other
fixed point for S, , i.e. S v= v. We have

dTuTY=dTguTS)ea( @ Tu RS+ (d,TviTHnB ( d TRT@+8) ( d Ty
and since2a + 3 <1 we get thatd(Tu, TV = 0, thereforeTu = Tv. But, T is injection. Thereforey=v. m

Consequence 7. Let (X,d) be a complete metric spac&,: X -~ X be continuous, injection and
sequentially convergent mapping ad S;: X- X. If A0(0,1), and

d(TS % T$ y<AY @ Tx TS)¥ (d Ty T$X( d, T}
holds true, for allx, yO X, then§ and S, have a unique common fixed point.

Proof. The arithmetic-geometric mean inequality implies
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d(TS x TS y<4( @ TxTS)y (d Ty T$+x (d, TH).
Fora=p :% , the Theorem 2 implies the required clam.

Consequence 8. Let (X,d) be a complete metric spac&,: X » X be continuous, injection and
sequentially convergent mapping aSd S,: X X. If there exista > 0,82 0 so that2a + <1 and

d2(Tx TS y+ &( Ty TS)X
d(T% X T% ysa d(TX,T% y+ q TyTls)x +18 d T!X -I))

holds true, for allx, yO X, then§ and S, have a unique common fixed point.
Proof. The condition inequality implies (4). Further, tieguired claim is implied by Theorems.

Consequence 9. Let (X,d) be a complete metric spac&,: X — X be continuous, injection and
sequentially convergent mapping aBd S,: X X. If there existsa 0(0,%)and

d(Tg x TS y<a( d TXTS)y (dTyIP
holds true, for allx, yO X, then§ and S, have a unique common fixed point.
Proof. For £=0 in Theorem 2, we get the required claum.

Consequence 10. Let (X, d) be a complete metric space ad S : X— X. If there exista >0,62 0, so
that 2a+ <1 and

d(§x S ¥ysa(d xs)y d.y: 9B (d X
holds true, for allx, yO X, then§ and S, have a unique common fixed point.
Proof. For Tx = x in Theorem 2, we get the required claam.

Consequence 11. Let (X,d) be a complete metric space aBd S : X— X. If there existsa 0(0,1) so
that

d(§x S ¥y<a(d x$) d.y19)
holds true, for allx, yO X, then§ and S, have a unique common fixed point.
Proof. Either for Tx = x in Consequence 9 gf =0in Consequence 10, we get the required claim.

Consequence 12. Let (X,d) be a complete metric spacg&,: X — X be continuous, injection and
sequentially convergent mapping ar®, S: X- X. If there exist p,q0ON, a>0,620 so that
20+ <1land

TSP TS y<a( @ TxTS)y (d Ty %4 (d, T,
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holds true, for allx, yO X, then§ and S, have a unique common fixed point.
Proof. The proof isdentical to the proof of Consequencem6.

Example 2. Let (X,d) andT,S, S: X- Xbe the metric space and the mappings defined dkein
Example 1, respectively. If there exisd:sD(O,l) so that for allx, yO X the condition given in the
Consequence 11 is satisfied, then for — 1, y== - We get that for each >1 the following has to be
satisfied =L <a <3 . The latter is contrad|ctory, thereby the sequefifel convergences tc; .
Therefore, Consequence 11 is not applicable foedtaenple above. On the other hand,

|T§(1) T%(— 2(n+1)] [ezml»z] F[ e2(r]}.+]}) Sﬁl[%_[ e2(n1+]1))

IN

e e e Sy T e !
=T -TS 1+ TE)- TS

=
1
Blign
1
6

holds true for allm nCJN, and also

ITSO)- T$G)F ooy S &+ gig)= 20 TO- T8I | K- 580))

Mo e

ITS(0)= T$C) F sy < fdy *gmy )= 21 TO- TSEOE | B TSO)])

holds true for eacmON. So, fora :% the condition given in Consequence 9 is satisfied,§ and S,
have a unique common fixed poimt.

4 Common Fixed Pointsfor Koparde-Waghmode Type of Mappings

Theorem 3. Let (X,d) be a complete metric space; X — X be continuous, injection and sequentially
convergent mapping an§;, S : X— X. If there exista >0, 2 0 so that2a + 5 <1 and

d*(TS x TS y<a( 8( ™xT9x d TyI9yB *d . Ty, (7)
holds true, for allx, yO X, then§ and S, have a unique common fixed point.

Proof. Let Xg be any point inX and the sequencgx} be defined as the followingons1 = S; Y.
Xon+2 = S %1 for N=0,1,2,... If there existsn > 0, so thatX, = X,1q = Xy holds true, then it is easy
to be proven thati = X, is a common fixed point 0§ and S, . Therefore, let's suppose that there no exists

three consecutive identical terms of the sequdmge. Then, by using (7), we prove that for each 1 the
following holds true

d2(Monst, Ton) S a( P (o, T+ G Ty TEN+B A Ty T ),

d2(Mon-1, Ton) S a( (T2 Do D+ d( Ty TeN+B8 & T 2 TH )
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The latter implies the following

d(Maeq, TR <A A TY, Tia), (8)

for eachn=0,1,2,.., and A = ‘i’:’f <1. Further, (8) implies the following

d(Dayer, TR)< A" A Tx, TY), 9)

for eachn=0,1,2,... By applying (8), analogously to Theorem 1,we et the sequencflx} is
convergent. Therefordx} is also convergent, i.e. it exists] X so that lim x, =u and lim Tx, = Tu.

n- oo n-o

We will prove thatu is a fixed point for§ . We have
d(Tu TS 9= d Tu Tx.o)+ @ T W98 (d Tufxy)+ (dTSulg R

< A(TU Tne2) V@ (B(TU TS & Taer, TSa% D+F 26 Tu k)
= d(TU Tone2) V@ (B(TU TSI & T T D+B A Tu Ty 2

holds true for eacmON . For n — o, we get thatd(Tu TS y<va q Tu S But,/a <1, and

therefored(Tu, TS = 0. Analogously to Theorem 1 is a fixed point forS, and alsou is a fixed point
for S,. We will prove that§ and S, have a uniqgue common fixed point. hefl X be one other fixed
point for S,, i.e. S;v= v. We have

d?(TuTy= F(TsuTS)ea( A TuTSu 2@ TvIp+8 *(d, Ty=T8 (d, T
Since0< S <1, we get thatd(Tu, Ty =0. Therefore,Tu = Tv. But, T is injection, and thereforaj=Vv. m

Consequence 13. Let (X,d) be a complete metric spacg&,: X — X be continuous, injection and
sequentially convergent mapping aBd S,: X— X. If there existsa 0(0,1) and

d*(Tg x Tg y<a( & x79)x A Ty 19),
holds true, for allx, yO X, then§ and S, have a unique common fixed point.

Proof. For £=0 in Theorem 3, we obtain the required claim.

Consequence 14. Let (X,d) be a complete metric space a§d S, : X— X. If there exista >0,52 0 so
that 2a + <1 and

d3(Sx S y<a( d( x5y A ySH A 2.3,
holds true, for allx, yO X, then§ and S, have a unique common fixed point.

Proof. For Tx= x in Theorem 3, we obtain the required clasm.
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Consequence 15. Let (X, d) be a complete metric space aBd S : X— X. If there existsa 0(0,2) so
that

d*(8x S y<a( d( x sy A .yS))
holds true, for allx, yO X, then§ and S, have a unique common fixed point.

Proof. Either for Tx = x in Consequence 13 or fgf =0in Consequence 14, we get the required claim.

Consequence 16. Let (X,d) be a complete metric spac®&,: X — X be continuous, injection and
sequentially convergent mapping argl, S;: X- X. If there exist p,g0ON , a>0,420 so that
20+ <land

d’(TP x 7§ y<a( 8( TxTB)x % Ty $9)yp2 (d. Ty
holds true, for allx, yO X, then§ and S, have a unique common fixed point.
Proof. The proof isidentical to the proof of Consequences6.

Example 3. Let (X,d) andT,§,S: X- Xbe the metric space and the mappings defined akein
Example 1, respectively. If there exists[l(o,l) so that, for allx,yO X the condition given in

Consequence 16 is satisfied, then %of -1 1, y =5 We get that for each > 1 the following has to be

satisfied%sa%—% ,which is not possible. So, for this case it is asgible to use Consequence 15.
Further, T is continuous, injection and sequentially convatgeapping and

ITSE)- To) Pl Ted)+ Tk P< 20 w)f+ | 3€)T)
<20&TE)-TsSF +L1TE)- Ts ) ),
=L(TE)-TS( —,%)F+|T<7n -TsE)F)

holds true for allm NN, and also

ITS.0-Ts@)P=I Ts¢)f<x | By Tsé)f< ( 10r 1803+ | ¥y 34

IT$0)- Ts&)P=I Te€)P<L | B) Tsd)f<: ( 10r BOA+ | 9 7§ A

holds true for eacmON . That is, fora = L the condition given in Consequence 13 is satisfiedS and

S, have a unique common fixed pomt.

5 Conclusion

In this paper we have proven several claims aboatngon fixed points for two mappings. The proven
claims are generalizations of already known thegrevhich are not applicable for certain casegidaily,

10
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the question whether analogous generalizationsbeansed in other cases is asked. For example, aheth
analogously the claims about the fixed points fier 2-Banach spaces proven in [8], can be genedalize
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